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Abstract 

We study the complete class of 5-dimensional asymptotically Schrodinger 
space-times that can be obtained as the TsT transform of an asymptot- 
ically AdSs space-time. Based on this we identify a conformal class of 
Schrodinger boundaries. We use a Fefferman-Graham type expansion 
to study the on-shell action for this class of asymptotically Schrodinger 
space-times and we show that its value is TsT invariant. In the second 
part we focus on black hole space-times and prove that black hole ther- 
modynamics is also TsT invariant. We use this knowledge to argue that 
thermal global Schrodinger space-time at finite chemical potential under- 
goes a Hawking-Page type phase transition. 
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1 Introduction 

Asymptotically Schrodinger space-times form a natural starting point to try to 
extend holographic techniques to the realm of nonrelativistic physics. There 
exists a nonrelativistic counterpart of a CFT that is based on the Schrodinger 
group pQ and from a phenomenological point of view they could be of relevance 
to the description of cold atoms at unitarity [2j |3] . The Schrodinger space-time 
can be thought of as a deformation of an AdS space-time. This deformation is 
such that certain properties of the AdS space-time carry over to the Schrodinger 
case. From the point of view of constructing holographic techniques the inter- 
pretation that a Schrodinger space-time is a deformation of an AdS space-time 
is both reassuring that this may be achievable as well as a useful guideline. On 
the other hand it is from the point of view of describing interesting nonrela- 
tivistic phenomena a bit of a nuisance because one needs to make sure that the 
phenomenon crucially depends on the deformation and not on the AdS part of 
the Schrodinger space-time. For example the properties of the propagators for 
a free scalar field theory can be inferred from AdS propagators [4, 5, |6]- As an- 
other example of physics that is insensitive to the deformation we will show that 
a class of asymptotically Schrodinger black holes has the same thermodynamics 
as the undeformcd asymptotically AdS black hole. 

What underlies the relation between asymptotically Schrodinger space-times 
(ASch) and asymptotically AdS (AAdS) space-times is a transformation known 
interchangeably as a TsT (T-duality, shift, T-duality) transformation [7] or a 
Melvin twist [5] . We will refer to it as a TsT transformation. Such a transforma- 
tion can be thought of as a solution generating transformation relating different 
solutions of type II supergravities. In order to perform a TsT transformation 
one needs two compact commuting Killing vectors that form the isometries of 
a 2-torus. Suppose that the two torus directions are parametrized by £ and 
V. The transformation then involves a T-duality along £, followed by a shift 
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V — > V + 7^ where £ parametrizes the T-dual cirlce and a second T-duality 
along £. If the initial field configuration was a solution of type IIA/B super- 
gravity then the final field configuration will be another solution of type IIA/B 
supergravity. When this solution generating technique is applied to space-times 
of the form AAdSs x S 5 with £ parametrizing a circle in the 5-sphere and V 
parametrizing a compact Killing vector of the AAdSs space-time that asymptot- 
ically becomes null then the resulting space-time is asymptotically Schrodinger 
(with a compact circle that becomes asymptotically null) and the TsT trans- 
formation is referred to as a null dipole deformation [9 . From now on when we 
talk about a TsT transformation we will mean a null dipole deformation. On 
the level of writing down asymptotically Schrodinger solutions the fact that the 

V coordinate was assumed to be compact plays no role, the TsT transformed 
AAdSs space-times also exist when we take V to be non-compact. 

Up to date the only asymptotically Schrodinger space-time that was explic- 
itly studied is the TsT transformed black brane solution of [§J QUI [HJ H2] ■ We 
will employ the TsT transformation to study a large class of ASchs space-times 
and characterize properties that are inherited from the AAdSs space-time. A 
dominant role in our analysis is played by the Killing vector N of the AAdSs 
space-time that becomes asymptotically null and that is used in the TsT trans- 
formation. We will focus on those AAdSs space-times that admit N as boundary 
null Killing vector and study the associated conformal class of boundaries and 
interpret their images under TsT as providing a conformal class of Schrodinger 
boundaries. This allows us to study counterterms for this class of Schrodinger 
boundaries. The main result of this analysis will be that the on-shell action is 
TsT invariant. We then continue to study thermodynamic properties of TsT 
transformed AAdSs black holes and show that also thermodynamic quantities 
such as entropy, temperature and chemical potentials are all TsT invariant. We 
end with a discussion of the Schrodinger analogue of the Hawking-Page type 
phase transition. 

2 Fefferman— Graham coordinates and asymptot- 
ically Schrodinger space-times 

The details of the TsT transformation are summarized in appendix [X] The 
result that will be most important to us is the form of the 5-dimensional fields 
Ap, <t> and g^ v that result from applying a TsT transformation to a pure AAdSs 
space-time, i.e. without matter sources, which for the convenience of the reader 
are copied from appendix [A] and repeated here 

7 e 2 V„^ M . (!) 
1 + l 2 9vv , (2) 
e-™l*(g» v -e-**A»A v ) , (3) 

where is an AAdSs metric that has dy as a Killing vector. As shown in 
appendix [X] the isometries of the TsT transformed metric g^ are precisely all 
the AAdSs Killing vectors that commute with the AAdSs Killing vector dy. 

The class of ASchs space-times that we will focus on are all space-times that 
result from applying TsT to those pure AAdSs space-times that admit a Killing 
vector N — dy that asymptotically commutes with the Schrodinger algebra, so 



A = 

<w = 
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that N is asymptotically null. This follows from the fact that the embedding 
of the Schrodinger algebra into the AdS isometry algebra is essentially unique 
[T5] and that this embedding is such that the Schrodinger algebra consists of all 
those AdSs isometries that commute with a null Killing vector. 

We emphasize that not every TsT transformation of a pure A AdS 5 space- 
time gives rise to an ASchs space-time. For example the stationary black hole 
solution (with spherical horizon topology) of P3] can be obtained as a TsT trans- 
formation of Schwarzschild-AdSs using a Killing vector that does not asymptot- 
ically commute with the Schrodinger algebra. Therefore the black hole solution 
of [14j is not asymptotically Schrodinger. This can also be inferred from the 
fact that the curvature invariants of this black hole solution do not asymptote 
to their Schrodinger values. 

We will next introduce Fefferman-Graham (FG) coordinates [TS] and discuss 
the properties of the class of pure AAdSs metrics that give rise to ASch 5 space- 
times. In FG coordinates the pure AAdSs metric is given by 

dz 2 

ds 2 = g^dx^dx" = + h ab (z, x)dx a dx h , (4) 



where 



h ab (z, x) = (fl(0) o 6 + z 2 g( 2 )ab + z i 9(4)ab + 0(z 5 )) , (5) 
in which g^2)ab 

and ff(4) a 6 are given by [H] 
9(2)ab = — g (^(0)ab - g-%))S(0)a&J > (6) 
.9(4)a& = ^ a (4)5(0)a6 + -^9(2)ac9(2)b + -^R(0)9(2)ab + tab ■ (7) 

In here the metric g(o)ab is a representative of the conformal class of boundary 
metrics and t a b is proportional to the boundary stress energy tensor. The trace 
and divergence of t a b are given by 

t a a = -\a { A), and V (0) °U=0, (8) 



' - ~a& , 1 r>2 



where am is the anomaly density 

a (4) = -g-ft(o)a&-Rfo) + 24-^(0) ■ ( 9 ) 

Indices on g(2) a b: t a b etc. are raised with g?k. The coefficients of all the higher 
order terms C(z 5 ) and beyond are determined in terms of both <?(o)o6 and g(4) ab - 
For AAdSs space-times <7(o) a 6 is conformally flat. 

In order to identify the class of FG coordinate systems that are suitable for 
the study of ASch 5 space-times let us first consider the case of pure AdSs. In 
this case the FG expansion for h a b terminates at the order z 2 and its coefficient 
in this case is given by [17] 

9(4)ab = T0(2)ac5(2)& ■ ( 10 ) 

Imagine that we are in a Poincare coordinate system for which 

d? 2 1 

ds 2 = — + — (-2dTdV + (dx*) 2 ) , (11) 
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so that <?(2) a & = g(4)ab = 0- In this case we know that performing a TsT transfor- 
mation with the shift in the V-direction leads to a pure Schrodinger space-time 
in Poincare coordinates. We will use this fact to construct a family of FG coordi- 
nate systems that can be used to study the boundary of a pure Sch 5 space-time. 
For this purpose we remind the reader about Penrose Brown Hcnncaux (PBH) 
coordinate transformations [181 [TO1 |2"U] . A PBH transformation is a diffeomor- 
phism 

(z,T,V,x l )^(z',T',V\x H ), (12) 

where the new coordinates (z 1 , T', V', x n ) are such that in the primed coordinate 
system the metric is again of the FG form 

dz' 2 1 / \ 
ds 2 = — + [9{ 0)ab + z l2 g{ 2)ab + z' A g{ i]ab ) dx' a dx' b , (13) 

where gL )ab = e 2a g (0)ab and where g' (2)ab and g' {i)ab depend on a and g {0)ab as 
well as their derivatives. For us the precise form of these transformations is not 
important (see [5D1 [5T] for explicit formulas) . The full class of FG coordinate 
systems can be obtained by starting with the Poincare coordinate system and 
act on it with an arbitrary PBH transformation. Below we will formulate re- 
strictions that are suitable to the study of Sch.5 (and later of ASchs) space-times. 

In the TsT transformation we identify the scalar $ with some function of 
the metric component gvv, see @. If we perform an arbitrary coordinate 
transformation then in general in the new coordinate system $'(a/) = <fr(x) will 
not depend only on g'yiy, ■ The identification of $' with g' v ,y, is preserved under 
the restricted set of coordinate transformations that satisfy gyy = g'w'i 

V = V' + f(z\T\x H ), x A = f A (z',T',x H ), (14) 

where x A is any coordinate other than V. These coordinate transformations 
have the property that N = dy = dy>. Therefore the TsT formulas (Q]), @ and 
© apply to all coordinate systems that we can get to by starting with Poincare 
AdSs and applying the coordinate transformation (TT4")) to it. This classifies all 
possible coordinate systems in which we can use adapted coordinates to perform 
the TsT transformation. If we additionally choose a time slicing and consider 
diffcomorphisms of the type (fT4|) that preserve the time slicing then the resulting 
class of coordinate transformations is contained in the class of double foliation 
preserving diffeomorphisms of [22] . 

Even though we do not have a coordinate independent way of performing 
the TsT operations we expect that the result can be written in a coordinate 
independent manner as followsQ 

e- 2$/3 (.g^- e - 2 *A^) , (15) 
je^g^N" , (16) 
l + 7 2 WiV<V,, (17) 

1 For example the TsT of global AdS (taken to mean any coordinate system that does not 
depend on global AdS time) can be done as follows. First go to an adapted coordinate system 
such as Poincare AdS in light cone coordinates, perform the TsT transformation and apply 
to the TsT transformed metric (Poincare Schrodinger) the inverse of the coordinate trans- 
formation from global to Poincare AdS. This will give rise to a time-dependent Schrodinger 
coordinate system that can be thought of as the TsT of global AdS. The time dependence is 
a consequence of the fact that N and the global AdS Hamiltonian do not commute. 



g^v = 

A, = 

e -2* = 
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where is an AdSs Killing vector which asymptotically commutes with the 
Schrodinger algebra. 

We will restrict to FG coordinate systems that have the property that N z = 
so that A is a boundary Killing vector. When N z ^ wc cannot make 
manifest in a FG coordinate system and therefore cannot directly perform the 
TsT transformation. We could circumvent this problem by first performing a 
PBH transformation to a coordinate system in which N z = 0, perform the TsT 
transformation and subsequently the inverse of the PBH transformation that we 
did in the beginning. On the other hand it is physically plausible that N should 
be a boundary Killing vector after TsT (and therefore also before), but without 
an independent definition of the Schrodinger boundary we cannot claim that it 
must be so. In any case for the applications considered here it will suffice to 
take N z = 0. 

The family of FG coordinate systems for pure AdSs that has N z = for an 
N whose commutant is the Schrodinger algebra can be obtained by starting with 
(1111) and applying to it any PBH transformation with a function a that does 
not depend on V. We will next discuss the properties of these FG coordinate 
systems. We have 

9(o)vv = , d v g {Q)ab = . (18) 

These properties are preserved under conformal rescalings that do not depend 
on V. The family of conformally flat boundary metrics <7(o)a& each element of 
which possesses a null Killing vector, dy, can be parametrized by 

g {0 )abdx a dx b = exp[2cr(T, x 1 )] (-2dTdV + %da;W) . (19) 

Next we show that all metrics within this conformal class have the property 
that 

9(2)vv=0. (20) 

Because g[2)vv is conformally invariant under the above restricted class of con- 
formal rescalings that do not depend on V to prove (f2"U| one simply notes that 
it vanishes for say the Poincare boundary metric. Further, it also follows that 

g(2)Vc9( 2 )V = ■ ( 21 ) 

If we next consider AAdSs space-times then what changes is the form of 
9{4)ab P ms the fact that there will appear terms of order z 3 and higher in h a b- 
Using the general expression for g^) a b given in (O as well as (fT5]) , (|2"0"|) and (|2"Tj) 
we see that g^vv is given by 

9(4)vv = Wv , (22) 

so that 5(4) vy is fully given in terms of the VV component of the AdS boundary 
stress tensor. This implies that in the FG coordinates we have 

A" = ^- 7 3 z 2 t vv S^ + 0(z 3 ), (23) 
$ = -\l 2 z 2 t vv + 0(z 3 ). (24) 
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3 TsT invariance 



3.1 The on-shell action 

In the previous section we have identified a conformal class of Schrodinger 
boundaries which can be thought of as the TsT image of that subclass of AdS 
boundaries admitting a null Killing vector. In this section we will study all possi- 
ble counterterms that are relevant for those ASchs solutions that can be written 
as the TsT transformation of an AAdSs solution. We restrict the analysis to 
demanding finiteness of the on-shell action. 

In the previous section we denoted the 5-dimensional TsT transformed met- 
ric by <? M „. Here we will continue to use this notation. Barred expressions such 
as R are used to indicate that the metric g is involved. However we warn the 
reader that we do not always carefully distinguish when an index is raised with 
gi>*> or w ith g^ v ' . It will be clear from the context which inverse metric has been 
used. 

Consider the action (|116[) which we repeat her^l 

/bulk + Jgh = TT~n~ I d 5 x^§ (r - \d^d^ - V($)- 



N JdM 



(27) 



where the potential V is given by 



V(&) = 4e§* (e 2 * - 4) . (28) 

In this section we will consider adding counterterms so that the on-shell value 
of (f2"T|) evaluated on (Q]) to ([3]) is finite. We will show that the form of the 
counterterms is constrained by the fact that the on-shell value of (|27[) (using a 
cut-off boundary to make the result finite) is TsT invariant as will be proven 
below. We then use Fefferman-Graham coordinates with N a boundary Killing 
vector for the AAdSs metric g^ and the form of the solutions ([T]) to J3J) to 
construct the counterterms. 

The action (|2"T)l evaluated for the class of solutions (TTJ) to ^ is TsT invariant. 
This means that on-shell we have 

l r . 4 



16ttG 



/ d 5 x^\R-\d^d ll <S>-V{<S>y 
n Jm V 3 



-i- I onL, N J gM 



1 



d 5 xV=g~(R+ 12) + —— d 4 tV^hK. (29) 



16irG]y J M 57TUjv JdM 

2 We use the following two conventions for the Riemann tensor and the extrinsic curvature 

R^upa = d P K, a +■■■, (25) 
= hp p V p n v , (26) 

where /t M p = 5^ — n M n p and where n p is the outward pointing unit vector at the timelike 
boundary. 
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This can be shown using the formulas given at the end of appendix [5] 

The result ([2"!)[) has the following important consequence. Whatever the 
complete set of counterterms for the full space of AScli5 solutions is, upon sub- 
stituting the solutions (TJJ) to , the counterterms must cancel the divergences 
coming from the right hand side of (I29p . This means that counterterms that 
contribute to the on-shell action divergently must equal, upon use of (P) to ^ , 
the counterterms of the usual AAdSs action [33] 

^AAdS 5 - T7T^ [ d 5 x^—g{R + 12) 



IQttGn J m 

— ' ' ' (30) 



8nG 

We will write down the most general expression consisting of terms that can 
contribute to the on-shell action if we evaluate them using ([1]) to together 
with a FG coordinate system for g^ v in which A is a boundary Killing vector. 
This will suffice for the purposes of this paper, but for completeness we will 
indicate at the end of this subsection what kind of terms could be added when 
N is not a boundary Killing vector. We denote by I the action 

I = -fbulk + ^GH + 7 C ° + ^ct + ^ext , (31) 

where /buik + ^GH is given in (|27p . 1^ +7^ contains only intrinsic counterterms 
without derivatives (7^ ) or terms that are second order in derivatives (1$) 
and where 7 cx t consists of extrinsic counterterms for the massive vector field 
and scalar $. We find for lj£ , 1^ and I CKt 

4? = / ^^f-h (oo + ai* + a 2 <S> 2 + a 3 A a A a + a 4 $A a A a 

07rLrN JdM 

+a 5 (A a A a ) 2 ) , (32) 
4 2) = tt^t- I d^^l({b + b^ + b 2 A a A a )R (Tl) 

OTTGn JdM v 

+b 3 F ab F ab ) , (33) 
^— f d 4 ev /Z ^((c +ci$ + c 2 A fe A 6 )n' i A a F / , o 

KLin JdM 
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+ (ca + c 4 $ + c 5 A a A a ) n»d^) . (34) 

The counterterms in J^t have also been considered in [TU1 HH [21] . Some of the 
extrinsic counterterms have also been considered in [11) . 

Since y/—h is 0(z~ 4 ) we only need to include counterterms that are at most 
of order z 4 . In order to see that iffl contains all possible terms note that for 
our class of solutions both $ and A a A a are 0(z 2 ) near z = 0. To show that 
7 ct consists of all possible terms that are nonvanishing for our class of solutions 
we argue as follows. In general R(h) is an order z 2 term. The extra conditions 
([T8)) do not change that. This means that also Rih) evaluated for the TsT 
transformed solution, as given in (|134[) . will be 0(z 2 ). The term F 2 evaluated 
for an arbitrary TsT transformed solution is of order z°, but with the use of 
([18)) . i.e. for the case of a TsT transformation with a null Killing vector that is 
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also a boundary null Killing vector, it can be seen to be of order z 4 . A term such 

2 



At, + v£ A Q ) is 0(z 6 ) and so it does not contribute to the on-shell 



action. Terms such as R^ ab A a A are not included because they are by partial 



integration equivalent to a combination of F 2 and fv£f^ A\> + V^AiJ P ms a 

term of the form (VaA a ) 2 which does not contribute. Further a term such as 
h ah d a &db& is 0(z 6 ) and so will never contribute to the on-shell action. 

The term 7 ext has been added for the following reason. The TsT identity ((29)) 
suggests that the only relevant extrinsic counterterm for our class of solutions 
is the GH boundary term. However, due to TsT relations such as (|126|) and 
(|129[) it is possible to write down extrinsic counterterms for both the vector 
field and the scalar field which are such that they cancel divergent terms among 
themselves (we will confirm later that this must be so) rather then with the bulk 
action. When this is the case they can still contribute to the on-shell action by a 
finite amount and secondly they may be very relevant for considerations related 
to the variation of the action since the extrinsic counterterms for the massive 
vector and the scalar will not cancel each other after variation. 



Evaluating l£ , 



r(2) 



and I r „t for the TsT transformed solutions we obtain 



r(0) 



r(2) _ 



8nG r 



l — f d^V^h (a + f-^ + ax - 2a 3 ) $ 

IsN JdM \ \ 6 / 



-— (a - 6ai + 18a 2 - 48a 3 - 36a 4 + 72a 5 ) $ 2 
18 



1 



8ttGn j qm 
1 



b R 



j + 6! - 2b 2 ) $R (h) 



b 3 + ^b ) F ab F 



ab 



8ttG 



N JdM 

-2 j 2r ( - 4c 2 -y ( : () -2m j <T>- 



(35) 



(36) 



(37) 



where one should think of the integrands as being expanded up to O(z ). This 
will involve the FG expansion coefficients g^vv an d 3(6) vv appearing in the 
expansion of $ at the orders z 3 and z 4 , respectively. 

In order to have equality with the divergent terms in the boundary action 
of (l30l) we need 



3 



bo 

c 3 - 2 c 
a\ — 2o,3 



-3, 
1 

~4' 
0, 

0. 



(38) 
(39) 
(40) 
(41) 



The 7 independent divergent terms must be equal to the corresponding countert- 
erms of (l30|) . This fixes the ao and bo coefficients. The 7 dependent divergent 
terms must cancel among themselves. There are two such terms $ and n M <9 M $. 
Assuming that in general 3(5) yy 7^ these cannot cancel each other so their 
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coefficients must vanish independently. This leaves us with hnite terms propor- 
tional to 7. Demanding that the counterterms reduce to the countcrterms of 
(I3TJ1) we set these terms to zero as well. This givea^l 

= — (ao — 6ai + 18q,2 — 48a3 — 36a^ + 72a§) 
18 

+2 ^2ci - 4c 2 + y c - c 4 + 2c^j , (42) 
bi-1b 2 = i (43) 

^ = Yq- (44) 

Even though it remains to be seen if by some appropriate definition of AScli5 
space-times we should consider the case where N is not a boundary Killing vector 
we briefly discuss the effect of our assumption that in the FG expansion for g^ v 
we take TV to be a boundary null Killing vector. When we drop this assumption 
we have N z 7^ in which case both A 2 and F 2 are of order z° ($ is of course 
still of order z 2 ). This means that we can now take arbitrary powers of A 2 and 
F 2 and add those as countertermtQ. 

In the AAdSs case the counterterms of (|3T))) respect the symmetries of the 
boundary theory. From a bulk space-time perspective this means that they 
are invariant under both boundary diffeomorphisms as well as PBH transfor- 
mations (up to anomalous transformations |32j). When performing the TsT 
transformation with a null Killing vector N we can in principle distinguish two 
cases: 1). N is a boundary vector and 2). N is not a boundary vector. The 
first case is naturally selected by the TsT transformation and in this case the 
local symmetries are boundary diffeomorphisms and (possibly anomalous) PBH 
transformations that do not depend on V. Our point of view has been to restrict 
to case one without claiming that this is the only possibility and to construct 
for this case the local counterterms. In [35] it is suggested that one should allow 
for counterterms that are nonlocal in the V direction. It would be interesting 
to explore these directions further. 

It should be clear that demanding that there is a well-posed variational 
problem for I lies outside the scope of this work. Rather, we will focus on 
thermodynamics for which the above counterterm analysis suffices. 



3.2 Horizon properties 

So far we have considered a rather general class of ASchs space-times. In the 
remainder we will focus on asymptotically Schrodinger black holes that can be 
obtained as the TsT transform of a pure AAdSs black hole and study their 
thermodynamic properties. 

The type of AAdSs black holes that we will consider have the following 
properties. The black hole space-time possesses three commuting Killing vectors 

3 Later on when we discuss black hole solutions we will introduce the grand potential. This 
quantity involves the difference of the (Euclidean) on-shell action for a black hole space-time 
and some background space-time such as pure Schrodinger. This could therefore be computed 
using a background subtraction method. In order that the background subtraction method 
gives the same answer as the difference of two renormalized on-shell actions we need to impose 
H2I1 to Q1J. 

4 The formulas (1 1 3 1 1 ) to (1 1 34 I t change when N is no longer a boundary Killing vector. 



10 



one of which is N and it possesses a Killing horizon that is generated by the 
Killing vector X that is a linear combination of these three Killing vectors. The 
Killing vector X satisfies the usual equations X^V^X" = kX v and X^X^ = 
on the horizon, where k is the surface gravity. It follows that on the horizon X 
is also hypersurface orthogonal. Below it will be assumed that K =/= 0. 

The horizon properties of the TsT transformed black hole are inherited from 
the metric g^. To see this note that, as follows from (|122[) . after TsT all three 
Killing vectors, and thus in particular X, remain to be Killing vectors. The 
norm of X with respect to g^ is given by 

\\X\\ 2 TsT = e- 2 */ 3 ||X|| 2 - e- 8 */ 3 {A^f . (45) 

The horizon of the metric g^ is the hypersurface at which ||A|| 2 vanishes. Since 
also A^X^ cx N^X^ vanishes there we find that ||^||t s t vanishes at the same 
locus as does ||AT|| 2 . To prove that N^X^ vanishes on the horizon one can use 
hypersurface orthogonality of X, the fact that N and X commute and that X 
is null on the horizon. We conclude that the location of the horizon is preserved 
by TsT. Finally from the fact that on the horizon 

X^V^X" = X^V^X" (46) 

it follows that after TsT the horizon is still a Killing horizon that is generated 
by X and that the surface gravity is TsT invariant. 

From equation (|136[) it follows that the determinant of the induced metric 
on the spatial part of the horizon (which is a co-dimension 2 surface having 
V as one of its tangential directions) is preserved. Hence the horizon area is 
preserved under TsT (see also [8]). 

We assumed that the pure AAdSs space-time before TsT possesses three 
Killing vectors. Let us denote these as dr, N = dv and d^, where T is some 
time coordinate. Assume that we Wick rotate the metric before TsT and impose 
periodicities on iT, iV and iip such that the Wick rotated metric does not 
contain any conical singularities. These conical singularities can arise on a 2- 
dimensional surface that can be obtained as follows. Introduce coordinates that 
are diagonal in a radial coordinate, r say, such that the horizon is at g rr = 0. 
Consider the equation X^d^f = where / is a function of the remaining four 
coordinates. This equation defines three independent hyperplanes. Consider 
the induced metric on the common intersection of these three hyperplanes and 
expand to leading order in r. This defines the induced metric on a 2-dimensional 
surface which upon Wick rotation (and removal of the conical singularity) is 
known as the bolt [ZB] „ i.e. the fixed point set of the vector X. Now let 
us consider repeating this calculation for the TsT transformed metric g^v • It 
can be shown that N^dx^ vanishes on the bolt (as follows essentially from the 
property that N^X^ = on the horizon) and hence the induced metric on the 
bolt conformally rescales under TsT (the rescaling is regular on the horizon as 
long as the scalar field is regular on the horizon) and therefore the periodicities 
of iT, iV and iip needed to remove the conical singularity are TsT invariant. 
This means that the temperature and chemical potentials associated with a 
particular choice of Hamiltonian etc. are TsT invariant. This can be thought 
of as a generalization of the results of [8j [27] . 

In order to do thermodynamics we will use the thermodynamical action for- 
malism of 28]. The thermodynamical action is the action evaluated for the 
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complexified Wick rotated geometry obtained by setting T = —it in which the 
integration is from the horizon to the boundary. We compute the thermodynam- 
ical action by integrating /bulk + ^gh from the horizon to some cut-off boundary 
and use a minimal subtraction method to regularize it. The difference between 
the thermodynamical action for a TsT transformed black hole space-time and 
a TsT transformed space-time at the same temperature and chemical poten- 
tials but without the black hole, assuming that our system is well described 
by a grand canonical ensemble, is the grand potential. From the results of the 
previous subsection it follows that the grand potential is TsT invariant. 

4 Phase transitions in global Schrodinger space- 
time 

One of the original questions that motivated this research was to find out if 
the global Schrodinger space-time of [29] in analogy with global AdS would 
show a Hawking-Page type phase transition |30) . An important difference with 
global AdS is that the spatial sections of the global Schrodinger boundary are 
non-compact. On the other hand in this case we have a harmonic trapping 
potential so it could still be that there is some critical temperature at which 
a phase transition occurs from pure thermal Schrodinger to an asymptotically 
Schrodinger black hole. Now that we know that the thermodynamics is TsT 
invariant we can answer this question by looking at the same problem before 
TsT, i.e. does there exist a phase transition between thermal plane wave AdS 
and some AAdS black hole space-time? We will show in this section that this 
is indeed the case. 

In [9] a black hole is constructed that is time independent with respect to 
a Killing vector that becomes asymptotically the AdSs plane wave Hamilto- 
nian. This solution is obtained by taking an appropriate scaling limit of a 
5-dimensional Kerr black hole in which the angular velocity is sent to the speed 
of light. The solution is asymptotic to thermal plane wave AdSs at finite chem- 
ical potential. We will discuss the geometric and thermodynamic properties of 
this black hole and show that there is a phase transition between this black hole 
and thermal plane wave AdSs at finite chemical potential. Then upon perform- 
ing a TsT transformation to both the black hole solution and pure plane wave 
AdS and using the TsT invariance of thermodynamics we find the sought for 
phase transition of the global Schrodinger space-time. 

One may object that we have actually only proven that local thermodynamic 
quantities are TsT invariant, but that this need not apply to the full saddle 
point approximation of the partition function. However, the conditions that we 
impose on the saddle points are such that they always have a Killing vector 
that becomes asymptotically null and so the saddle points exist both before and 
after TsT. 

In the next subsection we will review and slightly generalize the scaling argu- 
ment of [3] . After this we will study some of its geometric and thermodynamic 
properties. At the end of this section we will discuss the phase transition. 
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4.1 AAdS 5 black holes with an asymptotic null Killing 
vector 

Consider the 5-dimensional Kerr-AdS metric [3 1 j in coordinates (r, r, 9, <fi, ij)) 
that are stationary at infinity 

A^l+r 2 ^ 2 2m / a£_W \ 2 £ 2 a , fc) 

, M 2 + cos 2 ^2 + s . n2 0#2 ^ 



A ( a > 6 ) 



where 



b sin 2 9 dip . . 

w (a> 6) = ^ - + -, (48) 

E 2 0)b) = r 2 + a 2 sin 2 + b 2 cos 2 , (49) 

A^ = -^(r 2 +a 2 )(r 2 +o 2 )(r 2 + l)-2m, (50) 

A^ a ' b) = 1 - a 2 sin 2 9 - b 2 cos 2 (9 , (51) 
S Q = 1-a 2 , (52) 
E b = 1-b 2 . (53) 

In the expression given in [3T] we put the AdS radius I = 1 and replaced 9 by 
\ — 9 following [9 . The ranges of the angular coordinates are < 9 < it/2, 
— 7r < <f> < ir and — 7r <ip<TT. Contrary to the case of asymptotically flat Kerr 
black holes, the parameters a and b are restricted to a 2 < 1 and b 2 < 1. 
Now define the coordinates T and V via 

= T-2(l-a)V, (54) 
t = T . (55) 

and substitute this into (l47l). The result is 



, r 2 + b 2 \ 4 

ds 2 = -11+ J sin 2 <ff 2 (r 2 + a 2 ) cos 2 0d7W 

1 ^6 J 1 + a ' 

2m /1 + a sin 2 9 - b 2 cos 2 9 , 2a cos 2 9 , 6 sin 2 , 

dT H al/ — — aV' 



s (a, 6) V (l + a)Si ~ ' 1 + a 

+ 4(1 ~ a) (r 2 + a 2 ) cos 2 0aV 2 + ^Ur 2 + ^-d0 2 
1 + a Af a ' b) A< a ' b) 

+ ^^sm 2 0a> 2 . (56) 
Since is periodic with period 27r we have that V is periodic with period t£-. 
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Setting a = 1 we obtain 



ds z = - ( 1 + sin 2 9 J dT z - 2(r 2 + 1) cos 2 9dTdV 

in ( 1 + sin 2 6 - b 2 cos 2 6 _ 2rtJT , 26 . , „ , , 
dT + 2 cos 2 6dV - — sin 2 9dip 



9Y 2 



^ 2 V 2 2 , J.2 



. M <*r 2 + „ v '' + — ^ sin 2 ## 2 . (57) 

Ar ^ b COS 2 9 ^ b 

In this metric V runs from — oo to +oo. We can however compactify V by 
identifying V ~ V + 27ri. After this identification the resulting metric is no 
longer obtainable from (14"71) via some scaling limit. Later we will see that, by 
choosing different coordinates, (1571) can be thought of as asymptotically plane 
wave AdSs with a compact null coordinate. We will refer to the solution ([57)1 
with b 2 < 1 and a = 1 as the Maldacena-Martelli-Tachikawa (MMT) black 
hole [9]- The limit a — 1 can be thought of as a limit in which one rotation 
approaches the speed of light. We also refer to [3T] for a discussion of the limit 
in which the rotation of an AAdS black hole is sent to the speed of light. 

We can define a second scaling limit in which we also send the parameter b 
to one. This can be done by defining the following limii0 

b = (58) 



2A 2 ' 

ft 9 
6 A ' 

and sending A — > oo. The result is (after defining Br 2 = 1 + r 2 ) [5] 



(59) 



ds 2 = i {-{R 2 + p 2 )dT 2 — 2dTdV + dp 2 + p 2 d^ 2 ) (60) 
it 2 

Both the metric (1571) and (|5H)) are asymptotically plane wave AdSs and will 
after TsT be asymptotically global Schrodinger. 

The difference between the scaling limits to a — 1 and to b = 1 is that in 
the former case V can be compactified while in the latter case p cannot. This 
shows itself in the fact that for (TSUI) the mass density is finite but the total mass 
is infinite while for (|57|) the total mass is finite. 

Finally we can apply even a third scaling limit by starting with (1601) and 
defining 

R=j, T=|, V = |, p=£, m = \ 4 fh. (61) 

Then after sending A — > oo we obtain the AdS black hole (brane) solution that 
is asymptotically Poincare AdS and whose metric reads 

ds 2 = — (-2dtd£ + dp 2 + p 2 dxjj 2 ) + —f 2 {dt + 2d£,) 2 + ~tt-i 7T^ ■ (62) 

r z '2 (1 — zmr) 



5 An alternative to this scaling limit is to perform the coordinate transformation 9 = (1 
fe 2 ) 1 / 2 p and to set b = 1 afterwards. 
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This solution is asymptotically Poincare AdSs and after TsT (shifting along 
£) it gives rise to an asymptotically Poincare Schrodinger black brane. The 
TsT-transform of this black brane solution has been studied in [5J [TOl H2 H2] ■ 



4.2 Geometric properties of the MMT black hole 

In this subsection we will collect some geometric properties of the MMT black 
hole (|57p that are relevant for its thermodynamic properties. 

The horizon at r = Th is given by the largest positive root of the equation 
g rr = 0, i.e. 

(r 2 +b 2 )(r 2 + l) 2 - 2mr 2 = 0. (63) 
A necessary and sufficient condition for the existence of a horizon is provided 

by 

m > — (20b 2 + 8-b 4 + \b\{b 2 + 8) 3/2 ) . (64) 

When (|64[) is a strict inequality there will be an inner and an outer horizon. In 
the extremal case, i.e. when (|64p is an equality, the outer horizon is infinitely 
far away from any point in the space-time. It then looks as if both horizons 
have coalesced at 

^--T + T (&2 + 8)1/2 • (65) 

This is the lowest possible value th can attain. When 6 = there is only one 
positive real root given by r = rjj = \f— 1 + \/2m assuming that 2m > 1. 

Besides an event horizon at g rr = the metric also has a stationary limit 
surface at qtt = 0. When qtt > a massive particle can no longer stand still, 
i.e. the worldline whose tangent is proportional to is no longer timelike. 

To see that the MMT black hole is asymptotically plane wave AdSs perform 
the following coordinate transformation 



cos 



2 = ^(l + Z b ( P 2 +R 2 ) + F(R lP )) , (66) 
' 'l + E b (p 2 + R 2 )-F(R,p)) , (67) 



2E b R 2 



where 



F(R, p) = v/(l + S b (p2 _ R 2))2 + (2~ bP Ry , (68) 

whose inverse is 



(1 + r 2 )cos 2 6>, (69) 



1 

fi 2 

£ = rl 4^^e. (70) 



In this coordinate system the metric (|57[) is asymptotically 
ds 2 = -^(-(p 2 + R 2 )dT 2 -2dTdV + dp 2 + p 2 d4, 2 + dR 2 ^ ' 2mR2dR2 



mR 2 



2(l + E bP ^ 



({1 + 2p 2 )dT + 2dV - 26p 2 #) +0{R 3 ). (71) 
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In order to study the metric near the horizon we define the Eddington- 
Finkclstcin (EF) coordinates u^:, and via 

du T = dT± {r +0 + > dr, (72) 
r z Af- ' 

12 , j,2W 2 _ ]\ 

6(r 2 + l) 2 

= #± \ T rfr, (74) 
r 2 Ar ' ' 

where each constant set of (u + ,v + ,w + ) values describes an outgoing null geodesic 
while each constant set of («_, u_, 10-) values describes an ingoing null geodesic. 
In these EF coordinates the metric (1571) takes the form 



ds 2 — grrdu 2 ^ + 2gTvdu T dv T + 2gT^jdu^dw T + gvvdv 2 ^ 
+2gv,pdv^idwip + g^dw 2 ^ ± 2 cos 2 9drdv T 

± (l + 1 ^ k sm 2 ^ rfrdu T zp ^ s j n 2 Qdrdw T + geedO 2 . (75) 

Slices of constant r, including the horizon at r — rjj, contain a non-compact 
direction parametrized by 9. This is not so in the case of the 5-dimensional 
Kerr-AdS black hole ([4"T]) with a 2 < 1 whose spatial sections have a compact 
horizon topology that is homeomorphic to a 3-sphere. When we set a = 1 in 
(|56p two things change: i). The m-independent term proportional to dV 2 in 
([51)]) vanishes, so that for large r the coordinate V becomes a null coordinate. 
Secondly, because of the behavior of A^ '^ as a goes to one the physical distance 
from a point P = (T , Vq, To, V'o) to a point Q = (T , Vb, r , 7r/2, diverges. 
Therefore we can find two points on the horizon r = m whose physical distance 
is infinite. This is not possible for a 2 < 1. After setting a = 1 and compactifying 
the V coordinate we can think of the spatial sections of the horizon as a surface 
that is homeomorphic to a 3-sphcrc that has been infinitely stretched in the 9 
direction. This can be confirmed by studying the metric in EF coordinates on 
slices of constant u_ and r = Th- Despite the fact that the horizon contains a 
non-compact direction the area of the horizon is finite and given by 

a _ 2t?L (r 2 H + l)(r 2 H + b 2 ) _ 

The normal to the horizon, the gradient g^d^r, is proportional to the Killing 
vector X given by 

d d d 

When ru > 1 the norm of X is timelike outside the horizon. When < r# < 
1 we numerically checked that there exists a large region strictly outside the 
horizon (not overlapping with the horizon) that extends all the way to the 
boundary where the norm of X is spacelike. 

Working in the EF coordinate system we can compute the surface gravity k 

via 

X^Vf.XP = kX p , (78) 
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evaluated on the horizon. The result is that 



1 2r% + bHr%-l) (7g) 



b 2 



In order to avoid conical singularities upon Wick rotating T = —it we must 
make the identifications 

r ~ t + P, (80) 
iV ~ iV + PL[i N , (81) 
~ iip + ptl, (82) 

where the inverse temperature /3 and chemical potentials hn and f2 are 



2Trr H (r 2 H +b 2 ) 
2rj 1 + b 2 (r 2 H -l) 



P - o„4 I Jt^2 TT ' ( 83 ) 



"» = -iifrry (84) 

a = -Xteg. (85, 

r# + b 2 

The temperature has no local extrema in particular d/3/drH < 0. 
4.3 Thermodynamics 

The Euclidean action or thermodynamical action defined by il = —Ie after 
Wick rotating T = —it is given by 

Ie = -ttt^t- [ d 5 x^(R + 12) - — L- / d^Vh (k-3- -R {k 
IQttGn J m 8nG N J dM \ 4 

(86) 

The Wick rotation T = —ir leads to a complex geometry for which the above 
Euclidean action is real-valued. The action is integrated from the horizon to 
the boundary. The Wick rotated (complex) geometry is a saddle point of this 
action. 

We define AIe as the difference between the renormalized on-shell action 
evaluated for the MMT black hole in a given coordinate system and the renor- 
malized on-shell action evaluated for the pure AdSs metric obtained by setting 
m = in that coordinate system. Even though the on-shell action transforms 
anomalously under PBH transformations |32j the difference AIe is the same in 
all coordinate systems [33j . Assuming that we can treat the thermodynamics 
as the infinite volume limit of a grand canonical ensemble the grand potential 
$G is given by $g = /3~ 1 AIe- We find for AIe the following expression 

irL/3 (r%-l)(r 2 H + b 2 ) 
AIe = -^E~F; ~3 ■ ( 87 ) 
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The difference AIe satisfies the usual quantum statistical relations 

/ f) A T 

1 = E-fi N N-QJ, (88) 

/.ijV 

= -PJ, (89) 
= (90) 



\ d(3 
( dAI E 

\ an 

( dAI E 



where E is the energy, N the momentum conjugate to [In and J the angular 
momentum conjugate to tt. The on-shell action A1e(/3, /LtjVj ^) has no stationary 
points. 

The quantities E, N and J can also be expressed in terms of the Brown- York 
(BY) charges Qg T , Qg v and Qg^ as 

E = Qg T — Qd T ( m — solution) , (91) 
N = LQ dv , (92) 
J = Qd^, (93) 

where Qg T (m = solution) is the Casimir energy computed in a coordinate 
system that has the same conformal boundary as the coordinate system in which 
Qg T is computed. The conserved BY charges Q x associated with a Killing vector 
X that is also a boundary Killing vector are defined as [341 12"5] 

Q x = f cEV^u a X b T abl (94) 

where the BY stress tensor is given by 

/ / fi M 

(95) 



1 

Tab ~ 8^G 



N 



I ( 6 
Kh ab — K ab + - I Gab — -phab 



In the expression for Q x by E we denote an equal time surface at the boundary, 
i.e. E = Et H dA4 in which E^ is an equal time T surface of the space-time M.. 
The induced cut-off boundary metric on E is denoted by oij . The vector 
denotes a future-directed timelike unit normal to the surface Et- Specifically 
let T M be some timelike vector which provides us with a time orientation and 
which satisfies T^d^T = 1 then we have 

u" = -!T-P£=. (96) 

It has been shown in [351 123] that Qg T satisfies the quantum statistical 
relation 

Q dT =/3~ 1 S + ^ N N + nj + /3- 1 lE, (97) 

From this it follows that in terms of E and $g we have the thermodynamical 
relation 

E = fr x S + n N N + CIJ + $ G . (98) 
The energy E satisfies the first law of thermodynamics 

dE = 0- 1 dS + (j, N dN + fldJ. (99) 
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The importance of writing the quantum statistical relation in terms of E and 
<&G comes from the fact that E and <&g (and not Qg T and Je), which are the 
only two quantities that we need to compute on the boundary (N and J can be 
computed as surface integrals over the spatial sections of the horizon), are each 
independent of the choice of representative of the conformal boundary metric. 
Hence (I98|) is form invariant under PBH transformations that preserve the three 
boundary Killing vectors dr, dy and d$ [55] . 

The thermodynamics of (1501) and (R)2l can be obtained by applying the 
appropriate scaling limits to the thermodynamics of the MMT black hole. 

We have tacitly assumed that in the computation of the conserved charges we 
have been using a frame that does not rotate at infinity. Suppose we were using 
a frame that does rotate at infinity. Such a frame can be obtained by starting 
with (1571) and performing the following coordinate transformation T" = T and 
ip' = ip — bT where the primed coordinates refer to the rotating frame. The 
Killing vector 8t with respect to which we defined the mass in the frame that 
is not rotating at the boundary transforms as dr — Qt ~ bd^,> and further 

= dip/. Rewriting the Killing vector X that beomes null on the horizon in 
terms of the primed Killing vectors we find that (|9"8)) becomes 

e' = 0- 1 s + ti N N + n'j + <s> G , (ioo) 

where E' is Qq , — Qa T , (m — solution) and where CI' = fi + b. Because the 
rotating and non-rotating frames have boundary metrics that are diffeomorphic 
we have that Qo T , {m = solution) is equal to Qg T (m = solution) . The energy 
E 1 is related to E via E 1 = E + bJ. The value of the on-shell action is the same 
in both coordinates systems (also this follows from the fact that the boundary 
metrics in both frames are diffeomorphic). It can be checked that E' does not 
satisfy a first law of thermodynamics like with fi replaced by fi'. Instead 
we have 

dE' = p- l dS + /j, N dN + Cl'dJ + Jdb. (101) 

Since the grand potential $g is the same in the rotating and the non-rotating 
frames we also have 



d$ G = - Ndfi N - Jdfl' + Jdb = - Ndn N - Jdfl . (102) 



We conclude that the grand potential in the rotating frame depends on Vl and 
not on Q! . See also [361 [55] for a discussion of the choice of fi in the rotating 
frame. 

4.4 Phase transitions 

The entropy S is given by 

where A is the horizon area given in (|76p and the specific heat is given by 

'dS\ ^L{r\ + lKgrj + b\r\ - l))(3r% r| - tf(r\ + 1)) 

Vn 2G N E b r H (r%-l)(2r* H -b2(r% + l)) 

(104) 
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Figure 1: Specific heat and grand potential as a function of the black hole 
parameters b and ru- The green and blue shaded areas are regions where the 
specific heat is positive and where the grand potential is negative and positive, 
respectively. The red curve denotes the extremal black holes so that below this 
curve there are no black hole solutions. The white areas are places where the 
specific heat is negative and the grand potential is positive. 

In figure Q] we have indicated by green the region where the specific heat is 
positive and where the grand potential $g is negative, by blue the region where 
the specific heat is positive and the grand potential $g is positive and finally 
by white the regions where the specific heat is negative and $g is positive. 
Further the red curve is the line of extremality at which the specific heat and the 
temperature vanish. Below this line there are no black hole solutions. Regions 
where the specific heat is negative are thermodynamically unstable while regions 
where the specific heat is positive are locally thermodynamically stable. 

We will assume that besides the MMT black hole the only other saddle point 
of the thermodynamical action f|86[) that has the same values for the temperature 
and chemical potentials is plane wave AdS with iT ~ iT + ft, iV ~ iV + (3L[1n 
and iip ~ itp + /3f2 and with the V coordinate compactified V ~ V + 2ttL. 
The grand potential $g is the difference between the on-shell action for the 
Wick rotated MMT black hole and the on-shell action for an equal temperature 
thermal plane wave AdSs space-time at finite chemical potentials equal to those 
of the MMT black hole, which we simply refer to as thermal plane wave AdSs. 
When rjj > 1 the grand potential is negative. This means that the black hole 
is thermodynamically favored over thermal plane wave AdS. Hence a system of 
pure thermal radiation with a temperature above fi~ x (rn — I) and chemical 
potentials /U y < and will form a MMT black hole. On the other hand, 
since the grand potential is positive for ru < 1 , thermal plane wave AdS with 
chemical potentials /ijv > and f2 will be thermodynamically favored. Since in 
the white regions of figure Q] we have a negative specific heat and $g > we 
expect that they correspond to a phase of pure radiation. 

We will argue that the black holes in the blue region are classically unstable. 
In subsection 14.21 we saw that the Killing vector that becomes null at the 
horizon is everywhere timelike outside the horizon when th > !• In |37) it has 
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been proven that in this case there is no superradiant scattering of waves inci- 
dent on the black hole. When r# < 1 we observed that becomes spacelike 
in a large region of the space-time that lies strictly outside the horizon and that 
extends to the boundary. It follows that there does not exist any Killing vector 
field which remains timelike everywhere outside the horizon. Subsequently, in 
this case superradiant scattering does occur and since the space-time is asymp- 
totically AdS, superradiant modes are reflected back into the bulk either due to 
the gravitational potential well at infinity or due to boundary conditions. This 
leads to a classical instability of black holes with m < 1. 

The blue shaded region of figure [1] seems to form a different phase than 
the surrounding white shaded regions. The specific heat is divergent as one 
goes from the white regions, that are in between the red extremality curve and 
the blue region, to the blue region. The black holes in the blue region are 
thermodynamically disfavored with respect to plane wave AdS and they are 
classically unstable but they have positive specific heat so depending on the 
time scales involved we may refer to this as a metastable phase. 

The thermodynamic behavior of the MMT black hole is reminiscent but 
slightly different from the Hawking-Page phase transition [3D]. Since we have 
proven that the thermodynamics is TsT invariant and since both the saddle 
points, thermal plane wave AdSs and the MMT black hole have a TsT trans- 
formed version and conversely since any saddle point after TsT which has the 
same Killing vectors has a description before TsT as an AAdS5 metric, we 
should observe the same behavior with thermal plane wave AdSs replaced by 
global Sells and the MMT black hole replaced by its TsT transformed version. 

5 Discussion 

The way we employed the TsT transformation is sort of in reverse. We use 
it to parametrize the metric of an ASchs space-time in terms of a metric that 
is defined on a space-time (in this case pure AAdSs) that, unlike the ASch 5 
space-time, has a conformal boundary. A central role in the TsT transforma- 
tion is played by the vector N = dy We have identified a conformal class of 
Schrodinger boundary metrics that are the TsT transform of those AdS bound- 
aries that possess a null Killing vector. The TsT transformation then guarantees 
that all AAdSs properties that 'commute' with N carry over to the ASch.5 case. 
For Schrodinger boundary metrics that can be viewed as the TsT transform of an 
AdS boundary metric possessing a null Killing vector we constructed local coun- 
terterms. These counterterms are invariant under boundary diffcomorphisms as 
well as PBH transformations that respect the property that TV is a boundary null 
Killing vector (possibly up to some nonrelativistic conformal anomaly). These 
transformations together form the local symmetries of the boundary theory. 

Another attractive feature of these Schrodinger boundaries is that in the pure 
Scli5 case the V coordinate can be thought of as parametrizing the light like 
lines [T3] which in turn form the boundaries of the light cones of the space-time. 
The Galilean-like causal structure is then naturally inherited by boundaries that 
have V as a tangential coordinate. 

It is tempting to state that the near boundary region of any ASchs space- 
time can be thought of as the TsT transformation of the near boundary region 
of an AAdSs space-time and it would be interesting to see if the TsT relation 
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between ASch 5 and AAdSs solutions can be relaxed in the interior of the space- 
time. When relaxing some of the properties of the TsT transformation it may 
no longer be a solution generating technique, but it could provide the starting 
point for a suitable Ansatz for solving the equations of motion (|118[) to (|120p . 

One possibility is to relax the condition that N is a global Killing vector of 
the space-time to the condition that it is only an asymptotic Killing vector. Such 
solutions break particle number in the bulk of the space-time. These space-times 
can be physically interesting for the following reason. The Schrodinger invari- 
ant system of fermions at unitarity possesses a ground state that spontaneously 
breaks particle number (see [38] for a nice review of cold atom systems and see 
[39] for a discussion in the context of holography) and so it would be interest- 
ing to study geometries that break particle number away from the boundary. 
Another (perhaps related to the presence of a Killing vector) special feature 
of the TsT transformed AAdSs metrics is the relation between the mass term 
A 2 and the potential which in the bulk action cancel each other so as 

to leave a pure cosmological constant. We could try to relax this condition by 
demanding that this happens only near the boundary but not in the interior of 
the space-time. 

We further showed that the on-shell action as well as the thermodynamic 
properties of black hole space-times that relate to the horizon such as tem- 
perature, chemical potentials and entropy are all TsT invariant. We used this 
to show that there is a Hawking-Page type phase transition between global 
Schrodinger space-time at finite temperature and chemical potentials and the 
TsT transformed MMT black hole. It would be interesting to find a dual field 
theory interpretation (much like as was done for the usual Hawking-Page phase 
transition in |40| ) for this phase transition and in particular to explain what the 
role of the harmonic trapping potential is. 

Hand in hand with constructing more general ASchs solutions another inter- 
esting next step would be the formulation of a well-posed variational problem 
and the related question as to what the right notion of a boundary stress en- 
ergy tensor should be (see [TTJ [5H [25] for some proposals) and to see what the 
associated algebra of conserved charges is. We hope to report on some of these 
questions in the future. 
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A TsT transformations 

We review the details of a TsT transformation which has the direction for the 
T-duality in the 5-sphere and the direction for the shift in the pure AAdSs 
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space-time. We closely follow [T2] . 

Consider the following 10-dimensional Einstein frame metric 



ds 2 E = g^dx^dx" + ds A s5 , (105) 

where ds| 5 is the metric on a unit radius 5-sphere and where g^dx^dx 11 is any 
solution to the 5-dimenional Einstein equations 

- 6g^ = . (106) 

The above 10-dimensional metric is a solution of type IIB supergravity (Freund- 
Rubin compactification) if we also switch on a 5-form flux given by 

F 5 = (1+*)G 5 , (107) 

in which G 5 = 4^ ? e Ml ... M5 da;' il A • • • A dx^ 5 with e Ml ... M5 = y/^ge^...^ denoting 
the volume form on g^dx^dx" , where e^...^ is the Levi-Civita, symbol. We use 
a normalization of the 5-form such that the 10-dimensional Einstein equations 
read ^ 

Gmn = -^;FmpqrsFn P ® RS + ■ ■ • ■ (108) 
96 

All other type IIB fields are zero. 

The 5-sphere metric can be written, using a Hopf fibration, as 

ds% = di] 2 + ds 2 C¥ 2 , (109) 

in which r\ is such that drj/2 equals the Kahler 2-form of the base space CP 2 . 
Writing r\ — d£ + P the coordinate £ parameterizes a Killing direction, i.e. 
is a Killing vector (the Reeb vector). 

Let dv denote a Killing vector of the metric g^ u dx^dx u . Performing a T- 
duality along £ with the T-dual circle being parametrized by £, subsequently 
shifting V — > V + 7^ and performing a second T-duality along £ leads to the 
following solution of type IIB supergravity which in Einstein frame reads [T^] 

ds% = e"*/ 2 (g^ - e-^A^Ay) dx»dx v + e-^ 2 ds 2 „ 2 + e m ' V , (110) 
B = A/\r), (Ill) 

F 5 = 4y/=g—e lil ... lis dx lil A---Adx^ 5 + 4?y A Vol(CP 2 ) , (112) 

where B denotes the NS-NS 2-form and where the 5-dimensional vector A and 
scalar $ (dilaton) are given by 

A = je^gy^dx^ (113) 
e- 2 * = 1 + tV- (H4) 

The remaining IIB fields (RR potentials) are zero. 

The idea is now to reduce the Einstein frame type IIB action over the 
squashed 5-sphere down to five dimensions. In doing so we obtain the 5- 
dimensional action and the 5-dimensional Einstein frame metric which we are 
interested in. Using the results of [9] this procedure gives rise to the following 
5-dimensional Einstein frame metric 

ds 2 = g^dx^dx" = e~ 2 */ 3 (g^ - e~ 2 * A^A V ) dx^dx" . (115) 
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This metric together with the vector f|l 13[) and scalar field (11141) solve the equa- 
tions ol motion coming from the following action 

/bulk + /oh = Tr~F~ I d 5 *^ (R ~ -fySfl"* - V($)- 
16ttG n J m \ 3 



-e-I*F^F^ - 4A M A" + — — / d^-hK , 
4 / 87TGAT 7 9-M 



(116) 

where the potential is given by 

V($) = 4e§* (e 2 * - 4) . (117) 

This potential has an absolute minimum at $ = where it assumes the value 
— 12. For large negative values of <& it asymptotes to zero and for large positive 
values it blows up. 

The bulk equations of motion that follow from this action are 

= | (d„*d v * - \d p *d'*g l J) - \v{®)g^ (H8) 



e-l* \F PI1 FP V - -F pa F^g pi \ + 4A P A„ - 2A p A"g piJ . 



I ( 8 _ 



2 

f^e-f*^) = %A V , (119) 

1 d p (V^d^) = |y($)-L-f*v". (120) 



From the equation for A' 1 one derives that 

d p (V=§A»)=0. (121) 

The reduction over the squashed 5-sphere is consistent and forms a special 
case of dimensional reductions over squashed Sasaki-Einstein manifolds |41l 1421 

H31 HH US]. 

We discuss the isometries that are preserved by the TsT transformation. 
Suppose that if is a Killing vector of the metric g pv . The Lie derivative of g pv 
along K is given by 

C K g P , = 1 e-^'^-^e-^A p A v A p + 

( 9 PP Av + g vp A^-^g^ApJ) [d v ,K]P. (122) 

Hence, only those Killing vectors K that commute with dy are also Killing 
vectors of g pv . Conversely, given a Killing vector of the metric g pv then it must 
also be a Killing vector of g pv . To see this note that 

Q = g pv V tl K» + g pp 57 v K p = g p „V ^K" + g pp S v K<> 

+terms proportional to 7 . (123) 
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Since the first term on the right hand side only involves the AdS metric, which 
cannot depend on 7, this term has to vanish by itself. We conclude that the 
commutant of the Killing vector dy used in the TsT transformation forms the 
complete isometry algebra of the metric g^ u . 

We collect some TsT transformation formulas. In the bulk we have 



9 pa A a F pfl 
R 



-2$/3 



-9, 



= e 2 */ 3 (l 



„2* 



R 



), 



-2* p p nV-Pn 1 " 7 



g^d^dv® 



and on the boundary we have 



h ab 
h 

K 



R(h) 



e 2*/3 h ab + e -W*/3 h ac h bd AcAd 
e */3 ( K _ I n M^$ 



2$/3 



R 



(h) 



- 2 *F ab F cd h ac h hd 



2e 29> h ab d a <I>d b <f> 



(124) 
(125) 
(126) 
(127) 
(128) 
(129) 



(130) 

(131) 
(132) 

(133) 
(134) 



In deriving equations (|124[) to (I130p we used (111 3[) to (|115D as well as the fact 
that dy is a bulk Killing vector. In deriving (|131[) to (I134p we used that the 
boundary metric is h ab = e~ 2 ®/ 3 h ab — e~ 8t]? ^ 3 A a A b with A a = ^ye 2< ^hva and 
e~ 2 * = 1 + 7 2 /iyy and assumed that dy is a Killing vector of h ab . These 
formulas are true for any TsT transformation and not just the ones that give 
rise to asymptotically Schrodinger space-times. 

In proving (|125p we used that det(l — C) = 1 — TrC for a matrix C that 
is the product of two vectors. In establishing ([1321) it is important that V is 
tangential to the boundary. In that case we can say the following. Suppose that 
we would compute the induced metric on a co-dimension n surface that has V 
as one of its tangential directions. The induced metric hi n )ij is 



where i = (V,I) with / = 1,...,4 
det(/i(„)y) of the induced metric 



3 V. ( 135 ) 
n. Then we find for the determinant 



det(h (n)ij ) = e 2 ^- 2 ^/ z Aet(h [n)l0 ) 



(136) 



where h 



(n)ij 
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